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For any positive integers n and k, let G(n, k) denote the digraph whose set of vertices is
H = {0, 1, 2, . . . , n− 1} and there is a directed edge from a ∈ H to b ∈ H if ak ≡ b(modn).
The digraphG(n, k) is called symmetric of orderM if its set of connected components can be
partitioned into subsets of sizeM with each subset containingM isomorphic components.
In this paper, we establish a necessary and sufficient condition for G(n, k) to be symmetric
of orderM , whereM has an odd prime divisor.
© 2011 Elsevier B.V. All rights reserved.
1. Introduction
Let n, k be two positive integers. Let G(n, k) denote the digraph whose set of vertices is {0, 1, 2, . . . , n− 1} and there is
a directed edge from a vertex a to a vertex b if ak ≡ b (mod n).
In [4], Somer and Křížek called a digraph symmetric if its connected components can be partitioned into isomorphic pairs.
They gave the following definition in [6].
Definition 1.1. Let M ≥ 2 be an integer. A digraph is said to be symmetric of order M if its set of components can be
partitioned into subsets of sizeM , each containingM isomorphic components.
In [7], Szalay showed that G(n, 2) is symmetric of order 2 if n ≡ 2 (mod 4) or n ≡ 4 (mod 8). In [1], Carlip and Mincheva
proved that if p is a Fermat prime, then G(2rp, 2) is not symmetric of order 2 when r = 3 or r ≥ 5. The following theorem
is part of Theorem 5.1 in [6].
Theorem 1.1 ([6, Theorem 5.1]). Let n = n1n2, where n1 > 1, n2 ≥ 1, and gcd(n1, n2) = 1. Then
(i) Suppose that n1 = pα , where p is an odd prime and α ≥ 1. Suppose further that k ≡ 1 (mod p−1) and pα−1|k. Then G(n, k)
is symmetric of order p.
(ii) Suppose that n1 = q1q2 · · · qs, where the q′is are distinct primes, and s ≥ 2. Suppose that k ≡ 1 (mod λ(n1)). Then G(n, k)
is symmetric of order n1.
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(iii) Suppose that n1 = pαq1q2 · · · qs, where p is an odd prime, α ≥ 2, s ≥ 1, and the q′is are distinct primes such that p ≠ qi
and p - qi − 1 for i = 1, 2, . . . , s. Suppose further that k ≡ 1 (mod λ(pq1q2 · · · qs)) and pα−1|k. Then G(n, k) is symmetric
of order pq1q2 · · · qs.
Here the function λ is the Carmichael lambda-function, which will be introduced in Section 2. In [2], Kramer-Miller
obtained a necessary and sufficient condition for G(n, k) to be symmetric of order p, where n is square free and p is an odd
prime.
Theorem 1.2 ([2, Theorem 3.15]). Let n = pq1q2 · · · qm, where qi and p are distinct odd primes. Suppose G(p, k) is not symmetric
of order p. Then G(n, k) is symmetric of order p if and only if both of the following conditions are satisfied. (i) gcd(p − 1, k) =
1. (ii) Let T = {qi| gcd(qi − 1, k) = 1}. Then T is not empty and for all x ∈ N, p|Ax(G(qi∈T qi, k)) or ordp−1k|x.
Here we use At(G(n, k)) to denote the number of t-cycles contained in G(n, k), and useA(G(n, k)) to denote the set of cycle
lengths that appear in G(n, k).
In this paper, we generalize Theorem 1.2 to any positive integers n andM , whereM has an odd prime divisor.
The outline of this paper is as follows. In Section 3, we present some preliminary results on the structure of G(n, k). In
Section 4, we treat the case n = pm. In Section 5, we prove two lemmas for our main results. In Section 6, we state and prove
the main theorem of the present paper.
2. The Carmichael lambda-function
Before proceeding further, we need to review some properties of the Carmichael lambda-function λ(n).
Definition 2.1. Let n be a positive integer. The Carmichael-lambda-function λ(n) is defined as follows:
λ(1) = 1,
λ(2) = 1,
λ(4) = 2,
λ(2k) = 2k−2 for k ≥ 3,
λ(pk) = (p− 1)pk−1 for any odd prime p and k ≥ 1,
λ(pk11 p
k2
2 · · · pkrr ) = lcm[λ(pk11 ), λ(pk22 ), . . . , λ(pkrr )], where p1, p2, . . . , pr are distinct primes and ki ≥ 1 for all i ∈{1, 2, . . . , r}.
The following theorem generalizes the well-known Euler’s theorem which says that aφ(n) ≡ 1 (mod n) if and only if
gcd(a, n) = 1.
Theorem 2.1 (Camichael). Let a, n ∈ N. Then
aλ(n) ≡ 1 (mod n)
if and only if gcd(a, n) = 1. Moreover, there exists an integer g such that
ordng = λ(n),
where ordng denotes the multiplicative order of g modulo n.
For the proof, see [3, p. 21].
3. Some preliminary results on G(n, k)
There are two particular subdigraphs of G(n, k). Let G1(n, k) be the induced subdigraph of G(n, k) on the set of vertices
which are coprime to n, and G2(n, k) be the induced subdigraph of G(n, k) on the set of vertices which are not coprime with
n. We observe that G1(n, k) and G2(n, k) are disjoint and that G(n, k) = G1(n, k) ∪ G2(n, k), that is, no edge goes between
G1(n, k) and G2(n, k).
It is clear that each component of G(n, k) contains a unique cycle. The following lemma tells us that the structure of each
component contained in G1(n, k) is determined by its cycle length.
Lemma 3.1 ([6, Corollary 6.4]). Let t ≥ 1 be a fixed integer. Then any two components in G1(n, k) containing t-cycle are
isomorphic.
Now consider a digraph G(n, k), and factor λ(n) as
λ(n) = uv,
where u is the largest divisor of λ(n) relatively prime to k. We need the following results on the cycles of G(n, k).
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Lemma 3.2 ([8]). There exists a t-cycle in G1(n, k) if and only if t = orddk for some factor d of u.
Lemma 3.3 ([6, Theorem 6.6]). Let n =ri=1 peii be the prime factorization of n. If t ∈ A(G(n, k)), then
At(G(n, k)) = 1t

r
i=1
(δi gcd(λ(p
ei
i ), k
t − 1)+ 1)−

d|t,d≠t
dAd(G(n, k))

,
where δi = 2 if 2|kt − 1 and 8|peii , and δi = 1 otherwise.
Let G be a digraph and a be a vertex in G. The indegree of a, denoted by indeg(a) is the number of directed edges coming
to a, and the outdegree of a is the number of edges leaving a. Particularly, let indegkn(a) denote the indegree of a vertex
a ∈ G(n, k). It is clear that each vertex in G(n, k) has outdegree 1. In the rest of this paper, all digraphs are assumed to be
finite and have this property.
Definition 3.1. We define a height function on the vertices and components of G(n, k). Let c be a vertex of G(n, k). Let h(c)
to be the minimal nonnegative integer i such that ck
i
is congruent modulo n to a cycle vertex in G(n, k). If C is a component
of G(n, k), we set h(C) = supc∈C h(c).
The indegree and height function play an important role in the structure of G(n, k). We need the following results
concerning the indegrees and heights.
Lemma 3.4 ([8]). Let n =ri=1 peii be the prime factorization of n, where ei ≥ 1. Let a be a vertex of positive indegree in G1(n, k).
Then
indegkn(a) =
r
i=1
indegk
p
ei
i
(a) =
r
i=1
δi gcd(λ(p
ei
i ), k),
where δi = 2 if 2|k and 8|peii , and δi = 1 otherwise.
Lemma 3.5 ([5, Theorem 3.2]). Let p be a prime. Let a be a vertex of positive indegree in G2(pe, k), and assume that pl ∥ a and
a ≠ 0. Then l = kt for some positive integer t and
indegkpe(a) = δp(k−1)t gcd(λ(pe−l), k),
where δ = 2 if p = 2 and e− l ≥ 3, and δ = 1 otherwise.
Lemma 3.6 ([6, Lemma 3.2]). Let p be a prime and e, k be two positive integers. Then
indegkpe(0) = pe−⌈
e
k⌉.
Lemma 3.7. Let p be a prime and let e ≥ 1, k ≥ 2 be integers. Suppose that h be the unique positive integer such that
kh−1 < e ≤ kh. Then h = h(G2(pe, k)).
Proof. It is clear that p ∈ G2(pe, k) and h(p) = h(G2(pe, k)). And pki ≡ 0 (mod pe) if and only if ki ≥ e. The proof is
completed. 
Lemma 3.8. Let p be a prime and e, k ≥ 2 be two positive integers. Let λ(pe) = uv, where u is the maximal divisor of λ(pe)
relatively prime to k. If C is the component of G(pe, k) containing 1, then
h(C) = min{i : v|ki}.
Proof. Let h = min{i : v|ki}. Then there exists a divisor d of v such that d is not a divisor of kh−1. By Theorem 2.1, there
exists a vertex g ∈ G(pe, k) such that ordpeg = uv. Let a ≡ g uvd (mod pe). Then ordpea = d, akh−1 ≢ 1(mod pe) and
ak
h ≡ 1 (mod pe). Hence, h(C) ≥ h(a) = h by the definition of the height function.
Conversely if a ∈ C , then there exists j ≥ 1 such that akj ≡ 1 (mod pe), so ordpea|kj. Since ordpea|uv, we have ordpea|v,
so ak
h ≡ 1 (mod pe), that is, h(C) ≤ h. 
4. The case n = pe
Recall that a digraphG is called semiregular if there exists a positive integer d such that each vertex ofG either has indegree
d or 0.
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Lemma 4.1. Let p be an odd prime and let e, k ≥ 2 be two positive integers. Then G(pe, k) is semiregular if and only if
gcd((p− 1)pe−1, k) = pe−1.
Proof. The case e = 1 is trivial. Assume that e ≥ 2 and that G(pe, k) is semiregular. Then indegkpe(0) = indegkpe(1). By
Lemmas 3.4 and 3.6,
indegkpe(0) = pe−⌈
e
k⌉ = gcd((p− 1)pe−1, k) = indegkpe(1).
If ⌈ ek⌉ ≥ 2, then indegkpe(pk) > 0. By Lemma 3.5
indeg(pk) = pk−1 gcd((p− 1)pe−k−1, k) = pk−1+min{e−k−1,e−⌈ ek⌉}.
Since indeg(pk) = indeg(0), it follows that e−⌈ ek⌉ = k−1+min{e−k−1, e−⌈ ek⌉}, so e−⌈ ek⌉ = k−1+(e−k−1) = e−2.
We find that ⌈ ek⌉ = 2. Now we have k < e ≤ 2k and pe−2 ∥ k. Therefore, pe−2 < e, we deduce e = 2 and k = 1, which is a
contradiction. Hence, ⌈ ek⌉ = 1 and gcd((p− 1)pe−1, k) = pe−1.
Conversely, if gcd((p− 1)pe−1, k) = pe−1, then k ≥ e. The vertex 0 is the only vertex in G2(pe, k)with positive indegree
and indeg(0) = pe−1 = indeg(a) for any vertices a in G1(pe, k)with positive indegree. So G(pe, k) is semiregular. This proves
Lemma 4.1. 
Corollary 4.1. Let p be an odd prime and e, k ≥ 2 be two positive integers. Suppose that G(pe, k) is semiregular. Then
i∈A(G(pe,k))
iAi(G(pe, k)) = p.
Theorem 4.1. Let p be an odd prime. Then G(pe, k) is symmetric of order p if and only if gcd((p − 1)pe−1, k) = pe−1 and
k ≡ 1 (mod p− 1).
Proof. Assume that G(pe, k) is symmetric of order p. Then there exist at least p − 1 distinct components C1, C2, . . . , Cp−1
contained in G1(pe, k) such that Ci ≃ G2(pe, k). But |G2(pe, k)| = pe−1, therefore,
|C1| + |C2| + · · · + |Cp−1| + |G2(pe, k)| = pe = |G(pe, k)|.
It follows that G(pe, k) is the union of C1, C2, . . . , Cp−1, and G2(pe, k). By Lemma 3.3, we have
p = A1(G(pe, k)) = gcd((p− 1)pe−1, k− 1)+ 1. (4.1)
We deduce p− 1|k− 1 from this equation.
The converse implication follows immediately from (i) of Theorem 1.1. 
5. Properties of digraphs products
Given two digraphs G1 and G2. Let G1×G2 denote the digraphwhose vertices are the ordered pairs (a1, a2), where ai ∈ Gi
and there is a directed edge from (a1, a2) to (b1, b2) if there is a directed edge from a1 to b1 and a directed edge from a2 to b2.
In [6], Somer and Křížek noted the following fact. Let n = n1n2, where gcd(n1, n2) = 1. Then G(n, k) ∼= G(n1, k)× G(n2, k).
And the canonical isomorphism is given by a → (a1, a2), where a ≡ ai (mod ni), i = 1, 2. In general,
G(n, k) ∼= G(pe11 , k)× G(pe22 , k)× · · · × G(perr , k),
if n =ri=1 peii is the prime factorization of n. We need this fact and the following lemmas.
Lemma 5.1 ([2, Lemma 3.1]). Let n = n1n2, where gcd(n1, n2) = 1. Let C1 be a component of G(n1, k) and C2 be a component
of G(n2, k). And the cycle length of Ci is ti. Then C1 × C2 is a subdigraph of G(n, k) consisting of gcd(t1, t2) components, each
having cycles of length lcm[t1, t2].
Corollary 5.1. Let n = n1n2, where gcd(n1, n2) = 1. If G(n1, k) is symmetric of order M, then G(n, k) is also symmetric of order
M.
Proof. It follows immediately from Lemma 5.1 and the fact G(n, k) ≃ G(n1, k)× G(n2, k). 
Lemma 5.2 ([2, Lemma 3.12]). Let n = ri=1 peii be the prime factorization of n. Let a = (a1, a2, . . . , ar) and b =
(b1, b2, . . . , br) be two vertices in G(n, k) ∼= G(pe11 , k) × G(pe22 , k) × · · · × G(perr , k). If a and b are in the same cycle, then
ai and bi are in the same cycle for each i.
Lemma 5.3. If G(n, k) is symmetric of order M, then G(n, kr) is also symmetric of order M for any r ≥ 1.
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Proof. Let C1, C2 be two components of G(n, k) and there exists an isomorphism of digraphs:
ϕ : C1 → C2.
We first show that each component of G(n, k) splits into one or several components of G(n, kr). If two vertices x, y are in
the same component of G(n, kr), then there exists a vertex z and two positive integers u, v such that xk
u ≡ z (mod n) and
yk
v ≡ z (mod n). It follows that x, y are in the same component of G(n, k). And if D is a component of G(n, kr), then we have
D ⊆ C , where C is a component of G(n, k).
Now we can assume that C1 = s1j=1 Dj and C2 = s2j=1 Ej, where each Dj or Ej is a component of G(n, kr). If x, y ∈ C1
and xk
r ≡ y (mod n), then there exist y1, y2, . . . , yr = y such that xk ≡ y1 (mod n) and yki ≡ yi+1 (mod n). Hence,
ϕ(x)k ≡ ϕ(y1) (mod n) and ϕ(yi)k ≡ ϕ(yi+1) (mod n). So ϕ(x)kr ≡ ϕ(y) (mod n), ϕ still preserves arrows if we consider
C1 and C2 as subdigraphs of G(n, kr).
Since ϕ maps a component Dj into a component El, we have s1 = s2. Thus, ϕ is still an isomorphism if we consider C1 and
C2 as subdigraphs of G(n, kr). It implies that G(n, kr) is also symmetric of orderM . This proves Lemma 5.3. 
Let G be a digragh. Let |G| or ♯G denote the number of vertices in G. Let M(G) = maxc∈G{indeg(c)},N(G) =
minc∈G,indeg(c)>0{indeg(c)}, I(G) = ♯{d > 0 : there exists a vertex a in G such that indeg(a) = d}. Note that G is
semiregular if and only if I(G) = 1.
Lemma 5.4. Let G and H be two digraphs, and a ∈ G and b ∈ H. Then indeg((a, b)) = indeg(a)indeg(b),M(G × H) =
M(G)M(H),N(G × H) = N(G)N(H) and |G × H| = |G||H|. Moreover, if I(G) ≥ 2, I(H) ≥ 2, then I(G × H) ≥
max{I(G), I(H)} + 1.
Proof. It follows immediately from the definitions. 
Definition 5.1. For any positive integers t,m, we define Omt to be the digraph which satisfies: (i) it has tm vertices and a
t-cycle, (ii) indeg(a) = m if a is a cycle vertex and indeg(a) = 0, otherwise.
Lemma 5.5. Om1t1 × Om2t2 ≃ gcd(t1, t2)Om1m2lcm[t1,t2].
Proof. By Lemma 5.1, there are exactly gcd(t1, t2) cycles contained in the product digraph, each having a cycle of length
lcm[t1, t2]. It is clear that (a1, a2) is a cycle vertex of Om1t1 × Om2t2 if and only if ai is a cycle vertex of Omiti . Consequently, the
indegree of each cycle vertex in Om1t1 × Om2t2 ism1m2, and the indegree of other vertices is 0. Lemma 5.5 is proved. 
Lemma 5.6. Let k ≥ 2, e ≥ 1 be integers and p a prime. If a, b are two cycle vertices in the same cycle of G(pe, k), then
indegkpe(a) = indegkpe(b).
Proof. If gcd(a, p) = 1, then gcd(b, p) = 1 since a, b are two cycle vertices in the same cycle of G(pe, k), and thus
indegkpe(a) = indegkpe(b) = gcd(pe−1(p− 1), k).
If gcd(p, a) > 1, then p|a. Since a, b are two cycle vertices in the same cycle of G(pe, k), so a = b = 0 and
indegkpe(a) = indegkpe(b). Lemma 5.6 is proved. 
Remark 5.1. By Lemmas 5.2, 5.4 and 5.6, we see that if a and b are two cycle vertices in the same cycle of G(n, k), then
indegkn(a) = indegkn(b). So if C is a component of G(n, k) and h(C) ≤ 1, then C ≃ Omt where t is the cycle length of C andm
is the indegree of a cycle vertex of C .
The following two lemmas are very useful in the proof of our main results.
Lemma 5.7. Om1 × G ≃ Om1 × H if and only if G ≃ H for any digraphs G and H.
Proof. Assume that ϕ : Om1 × G → Om1 × H is an isomorphism of digraphs. Let G0 = {x ∈ G | indeg(x) = 0},G1 = {x ∈
G | indeg(x) > 0},H0 = {x ∈ H | indeg(x) = 0},H1 = {x ∈ H | indeg(x) > 0}. Let a be the unique vertex of Om1 with
indeg(a) > 0.
If x ∈ G1 and indeg((a, x)) = indeg(a)indeg(x) > 0, then indeg(ϕ((a, x))) > 0 and ϕ((a, x)) = (a, x′), we have x′ ∈ H1.
Now we define a map ϕ1 : G1 → H1 by ϕ1(x) = x′, x ∈ G1. Obviously, ϕ1 is injective. If y′ ∈ H1, then there exists a vertex
(a, y) of positive indegree in Om1 × G such that ϕ((a, y)) = (a, y′). Hence, ϕ1(y) = y′ and ϕ1 is also surjective.
If x, y ∈ G1 and there is a directed edge from x to y. Let ϕ1(x) = x′ and ϕ1(y) = y′. Then ϕ((a, x)) = (a, x′) and
ϕ((a, y)) = (a, y′) by definition of ϕ1. There is a directed edge from (a, x) to (a, y), then there is also a directed edge from
(a, x′) to (a, y′), since ϕ preserves arrows. So there is a directed edge from x′ and y′. ϕ1 preserves arrows.
Next we define a map ϕ0 from G0 to H0. For any y ∈ G1, let
E0(y) = {x ∈ G0 | there is a directed edge from x to y},
E1(y) = {x ∈ G1 | there is a directed edge from x to y}.
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Then
G0 =

y∈G1
E0(y).
And the union is a disjoint union since each vertex has outdegree 1. If ϕ1(y) = y′, we have
indeg((a, y)) = m(|E0(y)| + |E1(y)|) = indeg((a, y′)) = m(|E0(y′)| + |E1(y′)|),
and |E1(y)| = |E1(y′)| since ϕ1 maps E1(y) into E1(y′), and so |E0(y)| = |E0(y′)|. Nowwe can take ϕ0 such that ϕ0 is bijective
and ϕ0(x) ∈ E0(ϕ1(y)) for any x ∈ E0(y).
Finally we define φ : G → H ,
φ(x) = ϕi(x), if x ∈ Gi,
for i = 0, 1. It is clear that φ is bijective.
Now we prove that φ preserves arrows. Suppose x, y ∈ G and there is a directed edge from x to y. We only need to treat
the case when x ∈ G0 and y ∈ G1. Let φ(y) = ϕ1(y) = y′. By the construction of ϕ0, we see that φ(x) = ϕ0(x) ∈ E0(y′), thus
there is also an arrow from φ(x) to φ(y). It is easy to show that the number of directed edges of G is equal to the number of
directed edges of H . Thus φ is an isomorphism. This proves Lemma 5.7. 
Remark 5.2. Let K be a digraph,M a positive integer, write
K = n1D1 ∪ n2D2 ∪ · · · ∪ nrDr ,
where each Di is a component and Di ≃ Dj if and only if i = j. Then, by the definition of symmetric, K is symmetric of order
M if and only ifM|ni for each i = 1, 2, . . . , r . In particular,M|♯K .
Lemma 5.8. Let G = Om1 ∪ H be a digraph, where H is a semiregular subdigraph of G, and indeg(a) = 0 or d for any vertex
a ∈ H. Suppose that d ≠ m and K is a digraph. Then G× K is symmetric of order M if and only if K is symmetric of order M.
Proof. Suppose that K is not symmetric of orderM , we write
K = n1D1 ∪ n2D2 ∪ · · · ∪ nrDr ,
where each Di is a component and Di ≃ Dj if and only if i = j.
If d < m, without loss of generality, we may assume that M(D1) ≤ M(D2) ≤ · · · ≤ M(Dr). Let j be the maximal index
such thatM - nj. Then, by Lemma5.1 and Remark 5.2,G×K is symmetric of orderM if and only ifG×(n1D1∪n2D2∪· · ·∪njDj)
is symmetric of orderM . Let E = Om1 × Dj. By Lemma 5.1 again, E is a component of G× (n1D1 ∪ n2D2 ∪ · · · ∪ njDj). Let F be
a component of G× (n1D1 ∪ n2D2 ∪ · · · ∪ njDj), if F = Om1 × Di, where 1 ≤ i < j, then E is not isomorphic to F according to
Lemma 5.7. If F is a component of H × (n1D1 ∪ n2D2 ∪ · · · ∪ njDj), then
M(F) ≤ M(H)M(Dj) < mM(Dj) = M(E),
which implies that E is not isomorphic to F .
If d > m, we assume that N(D1) ≥ N(D2) ≥ · · · ≥ N(Dr) in this case. Again let j be the maximal index such thatM - nj.
Let E = Om1 × Dj and F be a component of G × (n1D1 ∪ n2D2 ∪ · · · ∪ njDj). If F = Om1 × Di, where 1 ≤ i < j, then E is not
isomorphic to E according to Lemma 5.7. If F is a component of H × (n1D1 ∪ n2D2 ∪ · · · ∪ njDj), then
N(E) = N(Om1 )N(Dj) = mN(Dj) < dN(Dj) < N(F),
which again implies that E is not isomorphic to F .
In both cases, we have showed that there are exactly nj components contained in G× (n1D1 ∪ n2D2 ∪ · · · ∪ njDj)which
are isomorphic to E. Thus, G× K is not symmetric of orderM . The converse implication is trivial. Lemma 5.8 is proved. 
6. The main result
We begin with a lemma before we prove our main theorem.
Lemma 6.1. Let p be an odd prime and n = peq, where p - q. Suppose that G(n, k) is symmetric of order p. Then gcd((p −
1)pe−1, k) = pe−1.
Proof. Step 1: Assume that gcd(p− 1, k) = u > 1 or p - kwhen e > 1. Let h = h(G(pe, k)). Then h(G(pe, kh)) = 1 and
G(pe, kh) = G2(pe, kh) ∪ G1(pe, kh) ≃ Ope−11 ∪ a1Om1 ∪ a2Om2 ∪ · · · ∪ atOmt , (6.1)
wherem = gcd((p−1)pe−1, kh) and ai is the number of i-cycles contained in G1(pe, kh). Obviously,m ≠ pe−1. By Lemma 5.8,
G(peq, kh) ≃ G(pe, kh)× G(q, kh) is not symmetric of order p, which contradicts Lemma 5.3.
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Step 2: It remains to prove that pe−1|k, the case e = 1 is trivial. Suppose that e ≥ 2 and pr ∥ k, r ≥ 1. Let C0, C1 be the
components of G(pe, k) containing the vertex 0 and 1, respectively. Let h0 = h(C0) and h1 = h(C1). Then h0 ≥ 1 and h1 ≥ 1.
If h0 = h1, by Lemmas 3.7 and 3.8, kh0−1 < e ≤ kh0 and r(h1 − 1) < e− 1 ≤ rh1, combining with pr ∥ kwe have
pr(h0−1) ≤ e− 1 ≤ rh1 = rh0.
Therefore, h0 = 1, and
G(pe, k) = G2(pe, k) ∪ G1(pe, k) ≃ Ope−1 ∪ G1(pe, k).
Since gcd((p− 1)pe−1, k) = pr , it follows that indeg(a) = pr or 0 for any a ∈ G1(pe, k). From the proof of Step 1, we obtain
m = pr = pe−1 and r = e− 1.
If h0 ≠ h1, then
pr(h0−1) ≤ e− 1 ≤ rh1.
Wemust have h0 < h1. Then h(G2(pe, kh0)) = 1, G2(pe, kh0) ≃ Ope−1 . In this case
G(pe, kh0) = G2(pe, kh0) ∪ G1(pe, kh0) ≃ Ope−1 ∪ G1(pe, kh0).
For any vertices a ∈ G1(pe, kh0)with positive indegree,
indegk
h0
pe (a) = gcd((p− 1)pe−1, kh0) = prh0 ,
since rh0 ≤ r(h1−1) < e−1. Again we haveM(G1(pe, kh0)) < pe−1, which implies that G(peq, kh0) ∼= G(pe, kh0)×G(q, kh0)
is not symmetric of order p by the same argument in Step 1. But this contradicts Lemma 5.3. Lemma 6.1 is proved. 
Theorem 6.1. Let n, k ≥ 2 be two positive integers. Let 2|M be a positive integer such that M has an odd prime divisor. If G(n, k)
is symmetric of order M, then 2 ∥ n. Moreover, in this case we have 2 ∥ M and G( n2 , k) is symmetric of order M2 .
Proof. Assume that 2r ∥ n. Let n = 2rm and h = h(G(2r , k)), where 2 - m. Then
G(2r , kh) = G2(2r , kh) ∪ G1(2r , kh) ≃ O2r−11 ∪ G1(2r , kh).
G(n, k) is symmetric of order M , where M has an odd prime divisor p, so p|n by Remark 5.2. By Lemma 6.1, we get
gcd(p− 1, k) = 1, so k is odd. Therefore, indegkh2r (a) = gcd(λ(2r), k) = 1 or 0 for any vertex a in G1(2r , kh), by Lemma 5.8,
G(n, kh) ≃ G(2r , kh) × G(m, kh) is not symmetric of order 2, since G(m, kh) is not symmetric of order 2. This contradicts
Lemma 5.3. Thus r = 1 and G(2, k) ≃ 2O11. Let
G(m, k) ≃ n1H1 ∪ n2H2 ∪ · · · ∪ nsHs,
where Hi ≃ Hj if and only if i = j. We have
G(n, k) ≃ G(2, k)× G(m, k) ≃ 2n1H1 ∪ 2n2H2 ∪ · · · ∪ 2nsHs.
Now, by Remark 5.2, M|2ni for 1 ≤ i ≤ s, and m is odd. Thus, there exists a j, 1 ≤ j ≤ s such that 2 - nj. Therefore, 2 ∥ M
and G(m, k) is symmetric of order M2 . Theorem 6.1 is proved. 
Theorem 1.2 is a special case of the following lemma. We include the proof here for its simplicity.
Theorem 6.2. Let n = peri=1 peii , where p is an odd prime, and the p′is are distinct odd primes such that p ≠ pi. Suppose
that gcd((p − 1)pe−1, k) = pe−1 and gcd((pi − 1)pei−1i , k) = pei−1i . Then G(n, k) is symmetric of order p if and only if
p|At(G(ri=1 pi, k)) or ordp−1k|t for any t ∈ N.
Proof. We know that G(pe, k) ≃ a1Ope−11 ∪ a2Op
e−1
2 ∪ · · · ∪ alOp
e−1
l , where ai = Ai(G(pe, k)) and al ≠ 0. By Lemma 3.3, we
see that Ai(G(pe, k)) = Ai(G(p, k)) for any i ∈ N. It follows that G(p, k) ≃ a1O1 ∪ a2O2 ∪ · · · ∪ alOl. By Lemma 5.5,
G(pe, k) ≃ Ope−11 × G(p, k).
Similarly, G(peii , k) ≃ Op
ei−1
i
1 × G(pi, k) for 1 ≤ i ≤ r . Letm = pe−1
r
i=1 p
ei−1
i . We observe that
G(n, k) ∼= G(pe, k)×
r
i=1
G(peii , k)
≃ Ope−11 × G(p, k)×

r
i=1
O
p
ei−1
i
1 × G(pi, k)

≃ Om1 × G

p
r
i=1
pi, k

.
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By Lemma 5.7, G(n, k) is symmetric of order p if and only if G(p
r
i=1 pi, k) is symmetric of order p. The rest of the proof
follows from Theorem 1.2. Theorem 6.2 is proved. 
By Theorem 6.1 and Lemma 6.1, we only need to treat the case that M is an odd integer and k ≥ 3 in the following
theorem.
Theorem 6.3 (Main Theorem). Let M ≥ 3 be an odd integer. Suppose that n = ri=1 peii , where the p′is are distinct odd primes.
Let k ≥ 3 be an integer and T = {pj| gcd((pj − 1)pej−1j , k) = pej−1j , 1 ≤ j ≤ r}. Then G(n, k) is symmetric of order M if and
only if G(

pj∈T pj, k) is symmetric of order M.
Proof. If X is a set of prime divisors of n, we denote
nX =

pi∈X
peii .
Suppose that G(n, k) is symmetric of order M . Our method is to show that the subdigraph G(nT , k) × (pi∉T G2(peii , k)) of
G(n, k) is also symmetric of orderM . If it is true, note that L′ =ri=t+1 G2(peii , k) is a single component of cycle length 1 and
that
G(nT , k) ≃ a1Om1 ∪ a2Om2 ∪ · · · ∪ avOmv ,
where m = pi∈T pei−1i and ai is the number of i-cycles contained in G(nT , k). Therefore, Omi × L′ is a single component. By
comparing the cycle length, Omi × L′ ≃ Omj × L′ if and only if i = j. We getM|ai and G(nT , k) is symmetric of orderM .
Step 1: We do some reductions in this step. Let T ∗ = {pj : pj|n, pj ∉ T }. By the proof of Theorem 6.2,
G(n, k) ∼= G(nT , k)× G(nT∗ , k)
≃ Om1 × G

pj∈T
pj, k
× G(nT∗,k)
≃ Om1 × G
nT∗ 
pj∈T
pj, k
 .
Herem = pj∈T pej−1j . Hence, G(n, k) is symmetric of orderM if and only if G(nT∗ ·pj∈T pj, k) is symmetric of orderM . In
the following, we can assume that ej = 1 if pj ∈ T .
If there exists an index i such that ei ≤ k and G(peii , k) is not semiregular, then pi ∉ T . And
G(peii , k) = G2(peii , k) ∪ G1(peii , k) ≃ Op
ei−1
i
1 ∪ G1(peii , k).
Let X = {p1, p2, . . . , pi−1, pi+1, . . . , pr}. Then G(n, k) ≃ G(nX , k)× G(peii , k). By Lemma 5.8, G(nX , k) is symmetric of order
M , since G1(p
ei
i , k) is always semiregular. By induction, we can assume that if ej ≤ k, then pj ∈ T .
Step 2: Let S = {pi|pi ∉ T ,G2(peii , k) is semiregular}, R = {pi|pi ∉ T ,G2(peii , k) is not semiregular}. Then,
by a permutation of indices if necessary, we may assume that T = {p1, p2, . . . , pt}, S = {pt+1, pt+2, . . . , ps}, and R =
{ps+1, ps+2, . . . , pr}.
We show that G(nT∪S, k)×ri=s+1 G2(peii , k) is symmetric of orderM in this step. We write
G(n, k) ≃ H1 ∪ H2 ∪ · · · ∪ Hl,
where Hl ≠ ∅ and each Hi is a union of components of G(n, k) such that I(D) = i for each component D ⊆ Hi. Then each Hi
is symmetric of orderM . We claim that Hl ≃ G(nT∪S, k)× G2(pes+1s+1 , k)× G2(pes+2s+2 , k)× · · · × G2(perr , k).
Let C be a component of G(n, k). By Lemma 5.1, there exist E1, E2, . . . , Er , such that Ei is a component of G(p
ei
i , k) and C
is a component of
r
i=1 Ei. Since Ei is not semiregular only if i ≥ s+ 1 and Ei = G2(peii , k), it follows that
I(C) ≤ I

r
i=1
Ei

= I

r
i=s+1
Ei

≤ I

r
i=s+1
G2(p
ei
i , k)

.
But we observe that
r
i=s+1 G2(p
ei
i , k) is a component by Lemma 5.1. Hence, C ⊆ Hl if and only if Ei = G2(peii , k) for each
i ≥ s+ 1. It implies that G(nT∪S, k)×ri=s+1 G2(peii , k) ≃ Hl is symmetric of orderM .
Step 3: We claim that if pi ∈ S, thenM(G2(peii , k)) > M(G1(peii , k)). We have ei > k, since pi ∉ T . Thus
indegk
p
ei
i
(pki ) = pk−1i gcd((pi − 1)pei−k−1i , k) = indegkpeii (0) = p
ei−

ei
k

i , (6.2)
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since G2(p
ei
i , k) is semiregular. Then k is odd and ei ≥ 4. Assume that pri ∥ k, 0 ≤ ri ≤ ei − 2. Then
k− 1+min{ei − k− 1, ri} = ei −
 ei
k

.
If ri ≤ ei−k−1, then k−1+ ri = ei−⌈ eik ⌉. ThusM(G1(peii , k)) = gcd((pi−1)pei−1i , k) = prii < pei−⌈
ei
k ⌉ = M(G2(peii , k)).
If ei − k− 1 ≤ ri, then ⌈ eik ⌉ = 2 andM(G1(peii , k)) = prii ≤ pei−2i , where the equality holds if and only if ri = ei − 2. But
k < ei ≤ pei−2i , since ei ≥ 4, thus ri < ei − 2.
Step 4: Let L =ri=s+1 G2(peii , k). We write
Hl ≃ G(nT∪S, k)× L
≃ G(nT , k)× G(nS, k)× L
≃ K1 ∪ K2 ∪ · · · ∪ Ku,
where Ku ≠ ∅ and Ki is a union of components of Hl such that M(D) = i for each component D ⊆ Ki. Then each Ki is
symmetric of orderM , since Hl is symmetric of orderM .
Now if C is a component of Hl, there exist F and Et+1, Et+2, . . . , Es, where F is a component of G(nT , k) and Ei is a
component of G(peii , k) such that C is a component of F×
s
i=t+1 Ei×L. ButM(F) = 1, sinceM(G(nT , k)) = 1. Consequently,
by the result in Step 3
M(C) ≤ M(L)
s
i=t+1
M(Ei) ≤ M(L)
s
i=t+1
M(G2(p
ei
i , k)),
and the last equality holds if and only if Ei = G2(peii , k) for t+ 1 ≤ i ≤ s. But F × L×
s
i=t+1 G2(p
ei
i , k) is a single component
by Lemma 5.1. We see that C ⊆ Ku if and only if Ei = G2(peii , k) for t + 1 ≤ i ≤ s. Hence, G(nT , k)×
r
i=t+1 G2(p
ei
i , k) ≃ Ku
is symmetric of orderM . Theorem 6.3 is proved. 
Corollary 6.1. Let M ≥ 2 be an integer such that M has an odd prime divisor. Then there exist n and k ≥ 2 such that G(n, k) is
symmetric of order M if and only if M is square free.
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